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Abstract 
Borodin, O.V., Diagonal coloring of the vertices of triangulations, Discrete Mathematics 102 
(1992) 95-96. 
In the diagonal coloring of triangulations, not only adjacent vertices are colored differently 
but also any vertices z, w if there exist faces [xyz] and [WY]. An upper bound for the 
minimal number of colors needed to diagonally color any triangulation of a surface with 
Euler characteristic N is given which is asymptotically fi times better than that due to 
Bouchet, Fouquet, Jolivet, and Riviere. This is conjectured to be the best possible for all 
surfaces except for the plane. 
Let SN be a surface with Euler characteristic N. We color triangulations 
without loops and multiple edges of SN so that for every two adjacent faces [xyz] 
and [wxy], all the vertices w, X, y, z are colored with different colors. The dual 
form of such a coloring is attributed to Heawood in [l]; the edge (w, z) above is 
called diagonal for the edge (x, y). Let us call such a coloring a diagonal one and 
denote by &SN) the fewest number of colors needed to diagonally color all the 
triangulations of SN. Since the absence of multiple edges prevents us from 
diagonal edges which are loops, &SN) is well-defined. 
Bouchet et al. [l] proved that x&SN) d 6 + $@?%# if NC 0, i.e., for SN 
except for the plane P or the projective plane. In our note, an asymptotically fi 
times better bound for x&“) is proved; it is conjectured to be the best possible 
for all SN # P (i.e., N < 2). 
Theorem. Zf SN # P, then xd(SN) G [4(13 + vm%)] = H*(N). 
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Proof. Let T be a counterexample to our Theorem and T’ be obtained from T by 
adding all diagonal edges. Let G’ be a subgraph without multiple edges or loops 
in T’ which is not colorable with H*(N) colors in the usual way. Clearly, the 
number n(G’) of the vertices in G’ is at least H*(N) + 1. 
As it was proved by Bouchet et al. [l, Theorem 61, the number of edges, 
m(G’), in G’ is at most twice the number of edges in a certain graph G on the 
same vertex set, embedded on SN. It follows from the Euler formula, since each 
face of G has at least three edges in its boundary, that 
m(G) c 3n(G) - 3N, or m(G’) s 6n(G’) - 6n. 
This may be rewritten as 
“.& (QY(~) - 12) s -12N7 
where s&u) is the degree of a vertex u in G’. 
By definition, S&V) 2 H*(N) for all v E V(G’), but since SN # P, i.e., N < 2, 
we have H*(N) 2 12. It follows, with n(G’) 2 H*(N) + 1 in mind, that 
(H*(N) + l)(H*(N) - 12) s c (So, - 12) s - 12N, (*) 
vsV(G’) 
or, solving with respect to H*(N) + 1 the inequality of the extreme terms in (*), 
H*(N) + 1 s 4(13 + vi%?=%%$. 
But since H*(N) is an integer, 
H*(N) + 1 s ]4(13 + v-w] = H*(N), 
a contradiction. Cl 
Conjecture. If SN #P, then x~(S”) = H*(N). 
It follows from [l] that the conjecture is true for the torus. For the plane, 
Bouchet et al. [l] conjectured the bound xd(P) s 9 and proved that x&P) s 12. 
The present author proved in [2] that xd(P) s 11. 
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